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1 Convergence Analysis
We analyze the convergence behavior of the probabilistic optimiza-

tion in Section 3. We show that the optimization converges to a

deterministic assignment that is a 1-neighbor local minimum where

no single-variable change can reduce the loss. Throughout this

analysis, surrogate evaluations are treated as fixed during each per-

variable update, so there is no inter-variable coupling through the

surrogate within a single update step.

1.1 Definitions
We optimize the global objective defined in Equation 7:

J (𝚯) := 1

𝑁

𝑁∑︁
𝑖=1

𝑚∑︁
𝑘=1

𝜃𝑖,𝑘 ˜L𝑖 (𝑘), (1)

where
˜L𝑖 (𝑘) = L(S𝑖→𝑘 (𝚯)) evaluates the loss with variable 𝑋𝑖

fixed to 𝑘 and a surrogate applied to the remaining variables.

Definition 1.1 (1-neighbor local minimum). A configuration 𝑿∗ =
(𝑋 ∗

1
, . . . , 𝑋 ∗

𝑁
) ∈ {1, . . . ,𝑚}𝑁 is a 1-neighbor local minimum if no

single-variable change reduces the loss:

L(𝑿∗) ≤ L(𝑋𝑖 = 𝑘,𝑿∗
−𝑖 ) for all 𝑖 ∈ {1, . . . , 𝑁 }, 𝑘 ∈ {1, . . . ,𝑚},

(2)

where 𝑿∗
−𝑖 = (𝑋 ∗

1
, . . . , 𝑋 ∗

𝑖−1, 𝑋
∗
𝑖+1, . . . , 𝑋

∗
𝑁
) denotes all variables ex-

cept 𝑖 .

Definition 1.2 (Deterministic distribution). A distribution 𝑝 (𝑿 |
𝚯) is deterministic if each 𝜽𝑖 is a one-hot vector, i.e., 𝜽𝑖 = e𝑘∗

𝑖
for

some 𝑘∗𝑖 ∈ {1, . . . ,𝑚}. The corresponding configuration is 𝑿∗ =

(𝑘∗
1
, . . . , 𝑘∗

𝑁
).
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1.2 Convergence to Deterministic Assignments
We first establish that the optimization drives each distribution

toward a deterministic assignment.

Lemma 1.3 (Optimality at simplex vertices). For any fixed
surrogate evaluations { ˜L𝑖 (𝑘)}𝑚𝑘=1, the per-variable objective

J𝑖 (𝜽𝑖 ) =
𝑚∑︁
𝑘=1

𝜃𝑖,𝑘 ˜L𝑖 (𝑘) (3)

is minimized at a one-hot vector 𝜽𝑖 = e𝑘∗
𝑖
where 𝑘∗𝑖 = argmin𝑘

˜L𝑖 (𝑘).

Proof. The function J𝑖 (𝜽𝑖 ) is linear in 𝜽𝑖 : it is a weighted sum

of the fixed values { ˜L𝑖 (𝑘)}𝑘 with weights {𝜃𝑖,𝑘 }𝑘 .
The probability simplex Δ𝑚−1 = {𝜽 ∈ R𝑚 | 𝜃𝑘 ≥ 0,

∑
𝑘 𝜃𝑘 =

1} is a convex polytope whose vertices are the one-hot vectors

{e1, . . . , e𝑚}. Since the objective is linear over a simplex, a minimizer

occurs at an extreme point.

Therefore,J𝑖 (𝜽𝑖 ) is minimized at𝜽𝑖 = e𝑘∗
𝑖
where𝑘∗𝑖 = argmin𝑘

˜L𝑖 (𝑘).
□

Theorem 1.4 (Convergence to a deterministic distribution).

Gradient descent on J (𝚯), with surrogate evaluations treated as fixed
during each update, converges to the set of minimizers; if the minimizer
is unique then 𝜽𝑖 converges to a one-hot vector.

Proof. When surrogate evaluations are treated as fixed, the

global objective decomposes as

J (𝚯) = 1

𝑁

𝑁∑︁
𝑖=1

J𝑖 (𝜽𝑖 ) =
1

𝑁

𝑁∑︁
𝑖=1

𝑚∑︁
𝑘=1

𝜃𝑖,𝑘 ˜L𝑖 (𝑘), (4)

so each J𝑖 (𝜽𝑖 ) is linear in 𝜽𝑖 over the probability simplex.

Let 𝑆𝑖 := argmin𝑘
˜L𝑖 (𝑘). Then for any 𝜽𝑖 ∈ Δ𝑚−1,

J𝑖 (𝜽𝑖 ) =
𝑚∑︁
𝑘=1

𝜃𝑖,𝑘 ˜L𝑖 (𝑘) ≥
𝑚∑︁
𝑘=1

𝜃𝑖,𝑘 min

𝑘′
˜L𝑖 (𝑘 ′) = min

𝑘′
˜L𝑖 (𝑘 ′). (5)

Equality holds if and only if 𝜃𝑖,𝑘 = 0 for all candidates 𝑘 ∉ 𝑆𝑖 , so

all probability mass must be distributed among the minimizing

candidates.

In the simplest case, where a single candidate 𝑘∗𝑖 is strictly better

than the others, the distribution 𝜽𝑖 is forced to the vertex e𝑘∗
𝑖
(a

one-hot vector). If multiple candidates tie for the minimum, any

point on the face of the simplex formed by those candidates is an

optimal solution.

Since projected gradient descent consistently moves the parame-

ters toward lower objective values, the iterates converge to this opti-

mal face which corresponds to the convex hull of {e𝑘 : 𝑘 ∈ 𝑆𝑖 }. □
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1.3 Surrogate Equivalence at Deterministic Distributions
Lemma 1.5 (Surrogate eqivalence). At a deterministic dis-

tribution with configuration 𝑿∗, all three surrogates (mode, sample,
expectation) yield:

˜L𝑖 (𝑘) = L(𝑋𝑖 = 𝑘,𝑿∗
−𝑖 ). (6)

Proof. We show that S𝑗 (𝜽 𝑗 ) = 𝑋 ∗
𝑗 when 𝜽 𝑗 = e𝑋 ∗

𝑗
for each

surrogate:

Mode: S𝑗 (𝜽 𝑗 ) = argmax𝑘′ 𝜃 𝑗,𝑘′ = 𝑋 ∗
𝑗 since 𝜃 𝑗,𝑋 ∗

𝑗
= 1.

Sample: S𝑗 (𝜽 𝑗 ) ∼ Cat(𝜽 𝑗 ) yields 𝑋 ∗
𝑗 with probability 1.

Expectation: S𝑗 (𝜽 𝑗 ) =
∑

𝑘′ 𝜃 𝑗,𝑘′𝜉
(𝑘′ ) = 𝜉

(𝑋 ∗
𝑗
)
.

Thus S𝑖→𝑘 (𝚯) produces (𝑋𝑖 = 𝑘,𝑿∗
−𝑖 ) for all surrogates. □

1.4 Main Result
Theorem 1.6 (Convergence to 1-neighbor local minimum).

When the optimization converges to a deterministic distribution 𝚯
∗,

the corresponding configuration 𝑿∗ = (𝑘∗
1
, . . . , 𝑘∗

𝑁
) is a 1-neighbor

local minimum.

Proof. By Lemma 1.5, at a deterministic point 𝚯
∗
the surrogate

losses coincide with the true losses under single-site perturbations:

˜L𝑖 (𝑘) = L(𝑋𝑖 = 𝑘,𝑿∗
−𝑖 ) ∀𝑖, ∀𝑘. (7)

In particular,
˜L𝑖 (𝑘∗𝑖 ) = L(𝑿∗).

Assume for contradiction that 𝑿∗
is not a 1-neighbor local mini-

mum. Then there exist an index 𝑖 and a label 𝑘 ≠ 𝑘∗𝑖 such that

L(𝑋𝑖 = 𝑘,𝑿∗
−𝑖 ) < L(𝑿∗), (8)

i.e.,
˜L𝑖 (𝑘) < ˜L𝑖 (𝑘∗𝑖 ).

Consider a perturbed distribution
˜
𝚯 that only modifies block 𝑖 by

shifting an 𝜖-fraction of probability mass from 𝑘∗𝑖 to 𝑘 :

˜𝜽𝑖 = (1 − 𝜖)e𝑘∗
𝑖
+ 𝜖e𝑘 , ˜𝜽 𝑗 = 𝜽 ∗

𝑗 for 𝑗 ≠ 𝑖, (9)

for some 𝜖 ∈ (0, 1).
Since the surrogate terms are evaluated at 𝚯

∗
and are locally

unchanged for sufficiently small 𝜖 , the change in the objective is

governed by the 𝑖-th block:

J ( ˜𝚯) − J (𝚯∗) = 1

𝑁

(∑︁
𝑘′

˜𝜃𝑖,𝑘′ ˜L𝑖 (𝑘 ′) − ˜L𝑖 (𝑘∗𝑖 )
)

(10)

=
𝜖

𝑁

(
˜L𝑖 (𝑘) − ˜L𝑖 (𝑘∗𝑖 )

)
(11)

< 0. (12)

Thus, for sufficiently small 𝜖 , we obtain J ( ˜𝚯) < J (𝚯∗), contra-
dicting the fact that 𝚯

∗
is a limit point of a descent procedure.

Therefore no such improving 1-neighbor move exists, and 𝑿∗
is

a 1-neighbor local minimum. □

1.5 Discussion
Surrogate coupling. The expectation surrogate causes

˜L𝑖 (𝑘) to
depend on 𝚯 through expected material properties at other vari-

ables. As a result, the local linearity argument that favors one-hot

minimizers no longer results in a global guarantee of convergence

to a deterministic distribution.

Global vs. local minima. Our analysis guarantees convergence
to a 1-neighbor local minimum, not a global minimum. Discrete

optimization problems such as material assignment in CT are of-

ten NP-hard [Gardner et al. 1999; Gerard 2009]. The quality of the

solution depends on initialization and the optimization path.

Ties. When multiple candidates achieve equal minimum loss, the

optimization may converge to any mixture of tied candidates. In

practice, exact ties are rare, and regularization or small perturbations

break symmetry.

2 Ablation Study: Probabilistic Model Design Choices
This section provides a detailed analysis of the design choices in

our probabilistic framework, supplementing the experimental eval-

uation presented in Section 3 of the main paper. The convergence

properties analyzed in Section 1 motivate several of the design deci-

sions discussed here. We conduct systematic ablation studies using

2D phantoms with full 360° angular coverage, allowing us to iso-

late the effects of different algorithmic components. Reconstruction

performance is evaluated by increasing the number of projections

based on golden ratio angular sampling.

For the reader’s convenience, we reproduce Figure 4 from the

main paper below.

Surrogate selection. We compare the three surrogate strategies in-

troduced in Section 3 of the main paper: mode, sample, and expecta-

tion. Figure 1 shows reconstruction accuracy and mean intersection-

over-union (IoU) as a function of the number of input projections.

The mode surrogate (Figure 1f) selects the most probable mate-

rial at each voxel, ignoring uncertainty in the distribution. While

computationally simple, this approach suffers from premature com-

mitment: early in optimization, when distributions are nearly uni-

form, the mode is unstable and can trap the optimization in poor

local configurations. Performance improves with more projections

but remains consistently below other methods.

The sample surrogate (Figure 1g) draws random configurations

according to current probabilities. To prevent early convergence to

suboptimal discrete choices, we add Gaussian noise to the proba-

bilities that decays according to a schedule similar to simulated an-

nealing. Specifically, at iteration 𝑡 , we perturb each 𝜃𝑖,𝑘 by N(0, 𝜎2

𝑡 )
where 𝜎𝑡 = 𝜎0 · exp(−𝑡/𝜏) before sampling. This maintains explo-

ration early in optimization while allowing convergence to discrete

solutions. Despite this regularization, the inherent variance of sam-

pling leads to noisy gradients and slower convergence compared to

the expectation surrogate.

The expectation surrogate (Figure 1h–i) computes the expected

material properties at each voxel and evaluates how switching to

each candidate material would affect the loss. This approach in-

corporates the full distribution without introducing variance, lead-

ing to the most stable optimization. Our experiments consistently

show that the expectation surrogate achieves the highest accuracy,

reaching perfect reconstruction with fewer projections than other

methods.

ACM Trans. Graph., Vol. 45, No. 4, Article 134. Publication date: July 2026.
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(a) Target (b) Continuous (SIRT) (c) Convex Comb. Relaxation (d) Gumbel Softmax (e) Continuous Multilabeling

(g) Ours - Sampling (h) Ours - Expect. (Surrogate Grad.) (i) Ours - Expect. (Ideal Grad.)(f) Ours - Mode (j) Accuracy / Mean IoU

25 640

25 640

Fig. 1. Problem formulations. (Reproduced from Figure 4 in the main paper for convenience.) We compare the effectiveness of different continuous and
probabilistic formulations in a synthetic 5-material CT reconstruction: (a) reference (2D), (b) continuous optimization of extinction with rounding [Gilbert 1972],
(c) convex combinations of reference materials with a discreteness-promoting entropy loss [Gkioulekas et al. 2013; Nindel et al. 2021], (d) Gumbel-Softmax
with a tuned temperature schedule, (e) continuous multilabeling [Zisler et al. 2016], (f–i) four variants of the proposed method using mode, sampling,
and expectation-based surrogates; the latter further admits two gradient formulations (surrogate and ideal). Plot (j) shows reconstruction accuracy (% of
correct assignments) and IoU (intersection-over-union, i.e., the average per-class overlap with ground truth) as a function of projection count. The shown
reconstructions are for 25 projections (dashed vertical line). We find that the expectation-based surrogate with ideal gradients in (i) produces the fastest and
most reliable convergence. The trends shown here also generalize to more challenging 3D reconstructions.

2.1 Comparison with Alternative Probabilistic
Formulations

We compare our approach against three alternative methods for

handling discrete optimization, as shown in Figure 1b–e: convex

relaxation with entropy regularization, Gumbel-Softmax, and the

continuous multilabeling approach of Zisler et al. [2016].

Convex relaxation with entropy. (Figure 1c). A natural baseline

represents each voxel as a convex combination of material properties

and propagates gradients through the expected material back to the

mixing weights. We augment this with an entropy regularizer to

promote sparse probability vectors:

Lentropy = −𝜆𝐻
𝑁∑︁
𝑖=1

𝑚∑︁
𝑘=1

𝜃𝑖,𝑘 log(𝜃𝑖,𝑘 + 𝜖). (13)

Contrary to our initial expectation that this would drive conver-

gence toward discrete assignments, we observe a characteristic

failure mode: the optimization preferentially selects the two ex-

treme materials (lowest and highest attenuation) and interpolates

between them to approximate intermediate values. Once trapped in

this local minimum, the optimization has difficulty escaping to the

true material labels. This behavior manifests in the accuracy curves

(Figure 1j), where the method initially appears competitive, since

many voxels in our test phantoms do contain the extreme materials.

But the mean intersection-over-union (IoU) metric reveals perfor-

mance comparable to other baselines, as the method systematically

misclassifies intermediate materials.

Gumbel-Softmax. (Figure 1e). This reparameterization technique [Jang

et al. 2017], discussed briefly in Section 3 of the main paper, replaces

discrete sampling with a differentiable approximation, using the

straight-through gradient estimator to update underlying logits.

We anneal the temperature from 𝜏0 = 1.0 to 𝜏𝑓 = 0.1 according

to an exponential schedule. This method exhibits notably slower

convergence compared to alternatives, a consequence of the biased

gradients inherent to the straight-through estimator. Furthermore,

the temperature schedule presents a fundamental trade-off: reducing

temperature too aggressively causes premature collapse to incorrect

discrete solutions before the optimization has adequately explored

the configuration space, while annealing too slowly prolongs re-

construction time without commensurate quality improvements.

While Gumbel-Softmax has proven effective in contexts requiring

hard selection, its characteristics are less well-suited to the spatially-

structured discrete tomography setting.

Continuous Multilabeling [Zisler et al. 2016]. (Figure 1d). This

approach, also discussed in Section 2 of the main paper, augments

convex relaxation with a phase data term that biases probabilities

ACM Trans. Graph., Vol. 45, No. 4, Article 134. Publication date: July 2026.
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toward materials similar to the current expected reconstruction:

𝐷 (z) =
𝑁∑︁
𝑖=1

𝑚∑︁
𝑘=1

𝑧𝑖𝑘 ((𝑊 z)𝑖 − 𝑐𝑘 )2 , (14)

where (𝑊 z)𝑖 is the expected intensity at voxel 𝑖 and 𝑐𝑘 is the in-

tensity of material 𝑘 . The original formulation uses indicator (box)

constraints 𝑏 (−) ≤ 𝐴𝑊 z ≤ 𝑏 (+)
for data fidelity, where the inter-

val width reflects assumed noise levels. We found that for small

intervals, the optimization converges extremely slowly as the feasi-

ble region severely restricts navigation through solution space. For

larger intervals, the optimization may converge to discrete choices

that satisfy the relaxed constraint but do not accurately represent

the underlying object. Replacing the box constraint with an 𝐿2 norm

yields substantially better convergence, and we use this improved

variant in our comparison.

However, this modification introduces a new challenge: the rela-

tive weighting between the data fidelity term and the phase data

term becomes a sensitive hyperparameter. Emphasizing data fi-

delity can pull the solution toward continuous blends, while over-

weighting the phase termmay drive premature discrete commitment

before the reconstruction has converged. Despite this ambiguity,

among the prior methods evaluated, this approach achieves the best

performance, demonstrating the value of explicitly encouraging

discrete solutions during optimization.

2.2 Analysis of Our Surrogate Strategies
Comparing our three surrogate strategies (Figure 1f–i), we find that

the sampling and expectation surrogates achieve similar final recon-

struction quality. However, we prefer the expectation surrogate as

it avoids the inherent stochasticity of sampling, which introduces

gradient noise and can destabilize optimization, particularly in later

iterations when probability distributions have concentrated. The

mode surrogate performs slightly worse, which we attribute to a

less smooth loss landscape: small perturbations in probabilities near

decision boundaries can cause discontinuous jumps in the surrogate

evaluation, impeding gradient-based optimization.

2.3 Ideal Versus Surrogate Gradient
Comparing the ideal gradient (Equation 9 in the main paper) against

the full surrogate gradient (Equation 8 in the main paper) with

the expectation surrogate reveals an analogous issue to that ob-

served with Zisler et al.’s method. The surrogate gradient includes

coupling terms arising from the continuous dependence of the sur-

rogate evaluation on neighboring voxels’ probabilities. As noted

in Section 1, this coupling means that the local linearity argument

favoring one-hot minimizers no longer provides a global guarantee

of convergence to deterministic distributions. These continuous

components effectively introduce a competing objective that can

pull the optimization away from discrete solutions toward blended

configurations that minimize the surrogate’s smooth approximation.

The ideal gradient, by treating surrogate evaluations as fixed during

each update step, avoids this interference and achieves faster, more

stable convergence to discrete assignments. We therefore adopt

this configuration as the default for all experiments presented in

Section 4 of the main paper.

3 Real-data acquisition and materials
This section provides additional details about the real-data exper-

iments in Section 4.3, including the CT acquisition setup, the fila-

ments and printer used to fabricate the phantoms, and the hyperpa-

rameters specific to this experiment.

3.1 CT acquisition
We scanned both phantoms on a ZEISS Metrotom 800 industrial

CT system. The X-ray tube was operated at 130 kV acceleration

voltage and 300 𝜇A tube current, with no additional pre-filtration

beyond the source’s intrinsic filter. The full acquisition comprises

2880 projections evenly distributed over 360
◦
, with an integration

time of 500 ms per projection. The detector has 1840×1456 pixels at

a pixel pitch of 0.127 mm. The source–object and source–detector

distances are 454.83 mm and 798.51 mm, respectively. Each scan is

normalized using averaged flat-field (90 frames) and dark-field (10

frames) acquisitions, after which we apply the standard logarithmic

transform to recover optical depths. We subsample this full set

to create the sparse-view and limited-angle scenarios reported in

Figures 12 and 13.

3.2 Phantom materials
The phantoms were fabricated on a Bambu Lab P2S multi-material

FDM printer using the following four 1.75 mm filaments:

• PLA – DEEPLEE PLA (black).

• LW-PLA – eSUN PLA-LW.

• S-PLA – Formfutura StoneFil (granite).

• ABS – Creality CR-ABS (black).

Print parameters (nozzle temperature, bed temperature, print speed,

layer height) were chosen per manufacturer recommendations for

each filament.

3.3 Hyperparameters
Table 1 lists the per-material absorption coefficients 𝜇 (𝑘 ) and the off-
set prior standard deviations 𝜎𝛿,𝑘 used in the real-data experiments.

Table 1. Per-material attenuation values 𝜇 (𝑘 ) and offset prior standard
deviations 𝜎𝛿,𝑘 used in the real-data experiments. Values are reported in the
units of the FDK reference reconstruction and are not absolutely calibrated
against a known reference standard.

Material 𝜇 (𝑘 ) 𝜎𝛿,𝑘

Background (air) 0.000000 0.00200

LW-PLA 0.007050 0.00287

PLA 0.016509 0.00182

S-PLA 0.023067 0.00181

ABS 0.031143 0.00176

4 Additional Results
In the supplementary material, we show additional experiments on

challenging 2D and 3D scenarios. All results from baseline methods

ACM Trans. Graph., Vol. 45, No. 4, Article 134. Publication date: July 2026.
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(SIRT [Gilbert 1972], DART [Batenburg and Sijbers 2011], TVR-

DART [Zhuge et al. 2016]) are generated using the same settings as

in the main document.

As in Figure 7 in the main document, we evaluate reconstruction

quality under sparse-view (Figure 2, Figure 6), 120-degree limited-

angle (Figure 3, Figure 7), 90-degree limited-angle (Figure 4, Figure 8),

and noisy-input scenarios (Figure 5, Figure 9, Figure 10).

Across all scenarios—sparse views, limited-angle setups, and high-

noise conditions—our method consistently outperforms baseline

approaches. While traditional algorithms often degrade significantly

under challenging conditions, our approach remains robust, deliv-

ering accurate reconstructions even with minimal or noisy input

data.
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Fig. 2. Sparse-view 3D reconstruction. We evaluate the reconstruction quality using only a limited number of projections. The left column plots accuracy—
measured as the percentage of correctly classified materials—versus the number of projections. The right column presents visual comparisons at a specific low
projection count, marked by the dashed line, comparing our method with three baselines: SIRT, DART, and TVR-DART.
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Fig. 3. 120-degree limited-angle 3D reconstruction. We evaluate the reconstruction quality using a limited set of projections covering only 120 degrees.
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Fig. 4. 90-degree limited-angle 3D reconstruction. We evaluate the reconstruction quality using projections covering only 90 degrees. This scenario is
particularly challenging for traditional methods.
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Fig. 5. High-noise 3D reconstruction. We evaluate the reconstruction quality in a high-noise scenario, where Poisson noise is added to the input projections.
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Fig. 6. Sparse-view 2D reconstruction. We evaluate the reconstruction quality using only a limited number of projections.
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Fig. 7. 120-degree limited-angle 2D reconstruction. We evaluate the reconstruction quality using projections covering only 120 degrees. Note that our
accuracy slightly drops as we use an increasing number of projections in this scenario. This is due to overfitting to the limited-angle data, which can degrade
overall reconstruction quality. This effect is not observed when using full 360-degree coverage.
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Fig. 8. 90-degree limited-angle 2D reconstruction. We evaluate the reconstruction quality using projections covering only 90 degrees.
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Fig. 9. High-noise 2D reconstruction. We evaluate the reconstruction quality in a high-noise scenario, where Poisson noise is added to the input projections.
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Fig. 10. Low-noise 2D reconstruction. This is the same scenario as in Figure 9, but with lower noise levels.
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